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 Abstract. Evaluating the performance of beam-like structures in terms of their current boundary condition, 
stiffness and modal properties can be challenging as the structures behave differently from their designed 
conditions due to aging. The purpose of the current study is to determine the flexural rigidity of beam-like 
structures when their support conditions are not fully understood. A novel optimization scheme is proposed for 
estimation of the flexural stiffness and the capacity of the beam-like structures under moving loads. The proposed 
method is applied to various profiles of the beams made of different materials with unknown boundary condition, 
and the effects of damage, excitation and optimization algorithm are rigorously investigated. The results of the 
numerical and experimental studies showed that the proposed substructural bending rigidity identification (SBI) 
method can correctly assess the in-service flexural stiffness, fixity of the boundary condition, and the load carrying 
capacity. This technique can be considered as a cost-effective method for periodic monitoring, load rating, and 
model updating of the beam-like structures.  
Keywords: Stiffness, beam, substructural, load carrying capacity, structural health monitoring, load 
rating. 
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1. Introduction  
Recent trends in structural health monitoring (SHM) have led to a proliferation of studies that assess 
the beam-like structures using vibrational characteristics such as natural frequency and mode shape.1-3 
In addition, many performance assessments using dynamic methods have been stipulated for various 
standards, such as fatigue assessment in the national bridge design code, or vibration-based damage 
detection in AS5100 Part 7.4 Bending stiffness plays a critical role in the assessment of beam-like 
structures, since the predominant failure mode for such elements is bending. Flexural rigidity can be 
viewed as an indicator of system stiffness and structural integrity that is related to the load carrying 
capacity (LCC).  Previous studies conclusively showed that the LCC of the bridge decreases over time, 
due to various factors such as environmental conditions, over-loading, and material deterioration.5, 6 
A detailed review on stiffness identification methods by Hoffmann et al.,7 demonstrated that global 
stiffness needs to be efficiently measured for assessment of aging structures. Subramaniam8 and 
Chowdhury9 reported that using the load-displacement relationship and the single degree of freedom 
(DOF) system, static stiffness can be obtained. Similar studies evaluated the flexural rigidity and LCC 
of beam-like structures using Euler beam theory and serviceability deflection limits.10-15 These studies 
have not treated the support conditions in much detail, and the bridge was typically simplified as a 
simply supported beam with concentrated load at mid-span. The fixity of the boundary conditions in 
bridge, such as at abutments changes throughout service life; hence, estimating the support condition 
based upon design documents does not reflect the true boundary condition.16 It is well established that 
the support conditions directly affect the load path and the deformation of the structure. This paper 
proposes the Substructural Bending Rigidity Identification (SBI) method for evaluating the bending 
stiffness and boundary condition of beam-like structures. SBI adopts divide and conquer strategy, which 
has been used for system identification of various structural elements.17-20 SBI method splits the 
structure into several substructures for identification of the structural parameters, and effectively 
reduces the unknown DOFs and ill-conditioned problems in the structural system identification. For 
verification, a combination of numerical and experimental analyses is used to investigate the 
applicability of the proposed method.  
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2. Theoretical Development 
Real civil structures have many DOFs and thus analysing every one of them as the whole is very 
challenging. The fundamental concept in SBI is that the response of the internal substructure is related 
to the interfacial response of substructural length. As shown in Fig. 1, a continuous bridge deck is 
divided into a series of internal substructures, independent of boundary conditions and other spans. For 
each respective substructure, global stiffness is estimated by minimizing the error norm between the 
vertical and the rotational acceleration responses, with that of vertical acceleration in the mid-region of 
the substructure.  
 
 
Fig. 1. SBI layout of substructural system for input-output relationship. 
According to the Euler-Bernoulli beam theory, the governing equation for dynamic beam would be: 
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where 𝜇𝜇 is the product of mass density and cross sectional area. For a homogeneous beam, EI is 
constant, and in the absence of external loads, the free vibration equation becomes: 
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By using the separation of variables technique, the displacement function for the forced and the free 
vibration is defined as: 
 ( ) ( ) ( ),    y x t X x T t=   (3) 
Rearranging Eq. (3) to (2): 
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where ω is defined as a constant. Equation (4) can be expressed in terms of two ordinary differential 
equations as:  
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The general solution of Eq. (5) and (6) is given by: 
 ( ) ( ) ( ) ( ) ( )1 2 3 4sinh cosh sin cos       X x C x C x C x C xλ λ λ λ= + + +   (8) 
 ( ) ( ) ( )5 6sin  cosT t C t C tω ω= +   (9) 
Where C1 to C6 are termed as constants. Substituting above equations into the general displacement 
function:  
 ( ) ( ) ( ) ( ) ( ), sinh   cosh     sin cos         C i ty x t x x x x e ωλ λ λ λ =     (10) 
For C = [C1 C2 C3 C4]T, the end conditions of the beam are: 
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The solution of (11) is found as a linear algebraic equation using interfacial boundary conditions as: 
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When the right-hand side and left-hand side matrix are set as U (𝑡𝑡) and A, then a solution can be obtained 
by substituting 𝐂𝐂𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 with A−1 U (𝑡𝑡) as: 
 ( ) ( ) ( ) ( ) ( ) ( )1, sinh  cosh sin  cos    y x t x x x x A U tλ λ λ λ − =     (13) 
U (𝑡𝑡) is a column vector and has input displacement at both interfacial boundaries of the beam. To 
obtain the transfer function for interfacial boundaries, the Fourier transform is applied to both sides of 
(13) with respect to displacement. Thus, the transfer function can be defined as: 
 ( ) output response @ internal substrcture
input response @ interfacial boundaries
H ω =   (14) 
The input responses are vertical and rotational accelerations near the boundary conditions (two on each 
side), while the output response is the vertical acceleration in the mid-span. Using Fourier transform 
principles, (13) becomes:  
 ( ) ( ) ( ) ( ) ( ) 1, sinh   cosh     sin       cos    H x x x x x Aω λ λ λ λ − =     (15) 
 ( ) ( ) ( ) ( ) ( )1 1 3 3       
T
U d dω ω φ ω ω φ ω =     (16) 
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where 𝑑𝑑1(𝜔𝜔) and 𝑑𝑑3(𝜔𝜔) are the vertical accelerations; 𝜙𝜙1(𝜔𝜔) and 𝜙𝜙3(𝜔𝜔) are the rotational accelerations. 
Transfer function for the center of the substructure is taken at 𝑥𝑥 = 𝐿𝐿/2 and can be derived as: 
 ( ) ( ) ( ) ( ) ( )1 2 3 4/2 ω     ω      ω       ω      x LH h h h hω =  =     (17) 
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Equation (17) is further simplified by using the non-dimensional variableξ : 
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The relationship between the center output [𝑑𝑑2(𝜔𝜔)] and the interfaces input of the substructure can be 
represented as: 
 ( ) ( ) ( ) ( ) ( ) ( )2 1 1 3 3ω   ω     ω      ω       ω
              
T
d H d dξ φ φ =     (24) 
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Equation (24) is further simplified by considering the relationship in (23) and (22): 
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For analysis, the spectral densities are obtained for (25): 
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where  𝑆𝑆𝑦𝑦𝑦𝑦(𝜔𝜔) is the power spectral density (PSD) and is calculated using the response at the center of 
the substructure, while 𝑆𝑆1𝑦𝑦(𝜔𝜔) and 𝑆𝑆2𝑦𝑦(𝜔𝜔) are the cross-spectral densities (CSD) obtained by four 
responses at the interfaces.  The unknown parameter ξ  is obtained by optimization of the responses in 
the interfaces and the center of the substructure using (28): 
 ( ) ( ) ( ) ( ) ( ) ( )( ){ }21 1 2 2
Ω
min  Ωyy y yS h S h LS dξ ω ξ ω ξ ω= − +∫   (28) 
where Ω is the domain of integration in the first flexural mode. With reference to (21), global stiffness 
of the beam is estimated as: 
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where 1 12. . fω π= and Lsub is the substructural length used for optimization. To minimize the difference 
of the input-output responses, a nonlinear curve square fitting method is used due to its fast and robust 
convergence.  
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Estimated bending stiffness acts as a sensitive indicator of the physical change, whereby any reduction 
in the stiffness makes the structure more flexible, and causes loss of the bearing capacity. It can be 
assumed that the global stiffness is proportional to the fundamental frequency, whereas static deflection 
is inversely proportional to the global stiffness. As such, 10% drop of the stiffness causes 5% reduction 
in the fundamental frequency of the beam and 11% increases in the static deflection of the mid-region.21 
Therefore, the health of the structure is associated with its dynamic response, and any distress can be 
fairly estimated from the vibrational signature of the structure. Since the first bending structural mode 
dominates both static and dynamic responses of a bridge simplified as a beam22, then the bending mode 
for that structure attracts the highest portion of energy. Estimated global stiffness is substituted into 
Euler beam theory to estimate the fixity of the boundary condition using Eq. (30). 
 
2
22
SBI
effective
EIf
L m
λ
π
=   (30) 
The first bending frequency ( 1f f=  ) is obtained from measurements when optimizing (ξ ) in Eq. (28); 
L is the effective length of the beam, not to be confused with (Lsub) for SBI optimization. After finding 
(λ ), the true boundary condition of the beam can be back-calculated by referring to the natural 
frequencies and mode shapes of the beam. Fig. 2 shows the boundary coefficients (λ ) that are computed 
using boundary condition restraints for fundamental frequency of a single span beam.23 The process of 
SBI is summarized in Fig. 3 using the responses of the interfacial and the internal substructure.  
9 
 
 
Fig.  2. Boundary coefficients of single span beam. 
 
Fig.  3. Process of SBI. 
Estimated stiffness by the SBI method is related to the load capacity using a two-criterion approach — 
structural index and live load ratio.   
 Structural Index SBI
Intact
EI
EI
=   (31) 
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The structural index in Eq. (31) explicitly defines the capacity due to variations in the global bending 
stiffness, because any reduction in the bending stiffness of the beam-like structures reduces the 
resistance capacity. Intact bending stiffness (EIIntact) is the designed stiffness based on the design 
information, while EISBI is the existing stiffness obtained from SHM testing using SBI method. The live 
load ratio analytically evaluates the capacity using an updated numerical model in terms of bending 
moment (BM) and shear force (SF) ratios. In Eq. (32), ϕMULS is the factored ultimate capacity, MDL is 
the dead load moment, MSDL is the superimposed dead load moment, MLL is the live load moment due 
to the assessment vehicles, DLA is the dynamic load allowance, 𝛾𝛾 is the load factor, and AVF is the 
accompanying vehicle factor. Parameters for SF live load ratio are calculated similarly. Live load ratio 
greater than 1 indicates that the available capacity for the nominated loading is sufficient.  
3. Implementation and Results   
This section examines the effectiveness of the SBI method by providing a series of verification studies 
conducted numerically and experimentally.   
3.1 Multi-span Reinforced Concrete Beam 
Numerical simulation is carried out on a three-span rectangular reinforced concrete beam. The 
configuration of the beam is shown in Fig. 4, with an effective length (Leff) being the center-to-center 
spacing of each span (8m), while substructure (Lsub) is the center-to-center spacing of the sensors 
(7.2m), and (Lsen) is the distance between two adjacent sensors (0.5m). 
 
Fig. 4. Configuration of the continuous beam. 
Sectional properties of each span are I = 1.067 ×10-3 m4, E = 24855578 ×103 N/m2, A = 0.08 m2 and p= 
23.57 kN/m3. Excitation was induced as a Gaussian random load at span 3 and for each span, 
measurements were recorded at the mid and the end of Lsub span.  
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Due to the location of the measurement points, some natural frequencies could not be captured. 
However, if the first bending mode is detected, other modes of vibration are not needed for optimization. 
It is apparent from Fig. 5 that apart from the first bending mode, other detected frequencies are not in 
the same order. Low-pass filtering is applied to isolate the first bending mode for SBI optimization.  
 
(a) 
             
   (b)         (c) 
Fig.  5. Spectral amplitudes: (a) span, (b) span 2, (c) span 3 
 
Average global stiffness was found to be 2.683×107 N.m2, which gives a structural index equal to unity. 
Using Eq. (30) and with reference to Fig. 2, support fixity is estimated as the PP condition (𝜆𝜆 = 3.13). 
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Identified modal parameters, boundary condition, and stiffness are used to update the numerical model. 
Applying Eq. (32) to the updated model, the flexural capacity of the beam under a wheel load of 8 kN 
is estimated as 2.6, while the shear capacity is estimated as 1.85; which indicates that the beam has 
sufficient capacity for this loading condition. In the case of a non-uniform cross-section with a varying 
second moment of area, an equivalent second moment of area taken at one-fifth of the interior span 
from interior support is considered.24 If the beam in Fig. 4 is replaced by a haunch cross section, an 
equivalent second moment of area is taken at (0.2 Leff) of the interior span.25 An implication of this 
would be for assessment of the critical girders in continuous beam-like structures to provide insights 
into the load distribution and the stiffness of the girders.  
3.2 T-beam Bridge 
Application of the SBI method for bridge girder is investigated using a single span reinforced concrete 
T-beam bridge, a common type of bridge configuration found on country roads of Australia (Fig. 6).  
 
Fig.  6. Cross-section view of the deck. 
The bridge has four 15.2m girders that rest on abutments via elastomeric bearing at their ends. Data was 
collected at the 4th girder (G4) using SM1600 vehicles as defined in AS 5100.2 for two lanes.26 
Convergence of the minimization function in the optimization can be seen in Fig. 7. It is apparent that 
the differences of the interfacial (S1y-S2y) responses are minimized with respect to the output response 
at the center of the girder (Syy), and this also confirms the stabilized convergence of the optimization 
function. 
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Fig.  7. Minimization of bending peak prior and after SBI optimization. 
Using the SBI method, global stiffness of the girder is estimated as 8.372×109 N.m2, which gives a 
structural index of 0.88 when compared with the intact stiffness. Reduction in the structural index can 
be due to aging, operational and environmental factors. Following estimation of the stiffness and 
boundary condition (𝜆𝜆 = 3.06), finite element model updating is conducted to calibrate the numerical 
model in the linear range. This was achieved by carrying out a sensitivity analysis between experimental 
and analytical parameters, e.g. sensitivity of the stiffness and boundary conditions to change in the 
natural frequencies. Based on the information gained from sensitivity analysis, model updating is 
performed using differential method to minimize the difference between experimental and numerical 
parameters.27 Superstructure is assessed for two-lane operation of 10 and 50 km/hr travelling speeds for 
three different cases under 45.5t and 42.5t semi-trailers (see Fig. 8).28 For the first case, the reference 
and accompanying vehicles are moving along the lane centreline; in the second case, one of the vehicles 
is 0.6m away from the edge of the kerb, while another vehicle is centrally positioned in the other lane. 
In third case, the reference vehicle is running in either lane without accompanying vehicle.  
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Fig.  8. Assessment vehicle positions. 
It was found that the right exterior girder (G4) has the highest load effects when the reference vehicle 
was positioned in the right lane, and the accompanying vehicle was in the left lane at the speed of 50 
km/hr. By applying Eq. (32), the live load bending moment ratio is 0.43, and the shear force ratio is 
0.95. It can be stated that travel restrictions must be considered for this bridge, since G4 has no reserved 
capacity for assessed vehicular loadings. This result indicates that SBI is applicable for assessment of 
short to medium span bridges using ambient vibration with a minimum of 5 sensors, which can be 
considered in routine periodic inspections such as vibration-based assessment stipulated in AS 5100.7.4  
3.3 Steel Beam  
A steel beam was tested by using C-clamps at both ends with different pressure to simulate unknown 
boundary conditions (see Fig. 9). S1 and S2 are left-end sensors to record vertical and rotational 
accelerations, while S4 and S5 are right-end sensors, along with a central output response at S3. Sensors 
were affixed to the surface of the beam using instant adhesive gel. Random excitation was provided by 
modal hammer moving along the beam to simulate traffic excitation.   
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(a) 
 
(b) 
Fig.  9. (a) Testing condition of steel beam; (b) SBI testing setup. 
Solid mass was added as shown in Fig. 9 to the beam by magnet to study the effect of damage on 
estimated stiffness. For each measured response, data was processed on-site to detect any change in the 
measured responses. This enabled detection and separation of spurious modes from real structural 
modes by comparing mode shapes across all measured datasets (see Fig. 10). 
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Fig.  10. Spectral amplitude of substructural system. 
In Table 1, a clear trend of reduction is apparent in the bending frequency and the stiffness due to extra 
mass. From this data, correlation between stiffness and bending frequency to the change in the structural 
parameters can be observed, highlighting the sensitivity of these parameters to damage and the 
suitability of the SBI in detection of modal and structural parameters. For the steel beam, any reduction 
in the structural index is an indication of loss in the structural capacity, limited by yield stress or 
permissible deflection. In terms of damage assessment, other types of damage that occur throughout the 
life of the structure are not always severe, and difficult to be detected by global analysis such as steel 
reinforcement corrosion. To assess the localized damage, an updated numerical model coupled with 
existing methods for damage detection in the literature can be carried out for micro-scale analysis.29 
The findings of this experimental study suggest that the SBI method can monitor the state of change in 
the boundary condition, the bending stiffness and the structural capacity.   
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Table 1. Comparison of damaged states for steel beam. 
Damage 
 
Bending 
 Frequency 
(Hz) 
E 
(×1011 N/m2) 
 
ξ  
Structural 
 Index 
Intact 10.9 2.2539 1.8402 1.0 
0.5 kg 10.49 1.9344 1.8756 0.86 
1 kg 9.86 1.7219 1.8721 0.76 
2 kg 8.87 1.5494 1.8231 0.69 
5 kg 7.65 1.4717 1.715 0.65 
 
3.4 Prestressed Box Girder 
In another experimental study, a laboratory-scale post-tensioned box girder was tested. As presented in 
Fig. 11(a), the 6m box girder is placed on supports at 100mm from its ends, and has two 15.2mm strands 
with a draped parabolic profile. Using random modal hammer tapping, measurements were recorded 
using piezoelectric sensors. 
  
(a)     (b) 
Fig.  11. (a) box girder in testing condition; (b) sensor locations for SBI. 
For each location, data was post-processed using Fast Fourier and Welch methods.30 Two algorithms 
were implemented for comparison; viz. ‘trust-region-reflective’31 and ‘Levenberg-Marquardt’ 
methods32. To minimize the effect of signal to noise ratio on the optimization function in the ambient 
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testing, numerous measurements were repeated for each testing location to ensure consistency in the 
recorded measurements. A comparison of the two results in Fig. 12 reveals that the first bending mode 
is correctly detected and the major difference is due to averaging of the signals in the Welch method, 
while Fast Fourier uses the full-length signal. This could be of importance when very closely spaced 
early frequencies are present in the structure, which makes the identification of the bending region for 
optimization less efficient.  
            
(a)      (b) 
Fig.  12 (a) spectral amplitude using Fast Fourier; (b) spectral amplitude using Welch method.                                                     
Intact stiffness (EI = 1.419 ×108 N.m2) was obtained by taking the average test results of several 
concrete core samples taken during the casting process. The structural index should be close to unity, 
since the box girder is relatively a new structure at the time of testing. As shown in Table 2, there is a 
significant difference between the estimated global stiffness at different locations.  
Table 2. Comparison of SBI output for different locations 
Location Bending mode (Hz) ξ (average) EI (N.m2) 
A 22.65 1.1311 1.402 ×108   
B 22.71 1.0528 1.868 ×108   
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C 22.71 1.2642 8.987 ×107   
D 22.71 1.0915 1.615 ×108   
 
High variations for the bottom portion of the box beam may be explained by the fact that the girder does 
not precisely represent the Euler beam which can be related to the modal data, in which the lower modes 
including the first mode were torsional and lateral modes, and not a flexural mode. Due to this, non-
pure bending modes in the SBI optimization can cause a noticeable change in the error norm (ξ ). 
Another source of the difference could be attributed to the post-tensioning, because the post-tensioning 
was completed in two stages and the data was logged after the final post-tensioning, causing the web 
and bottom flange regions to become too stiff. In contrast, the top flange (location A) had better 
estimation, mainly because of its deformation representing the pure bending mode and its slenderness. 
Moreover, it is possible that the results of the bottom portions have been affected by lack of precise 
rotational acceleration measurement. Spacing of the sensors for obtaining rotational acceleration at 
interfacial locations was set to 0.5m, which can bias the preciseness of the rotational acceleration 
estimated from the spacing of the two adjacent sensors at each end.  
Using the updated numerical model, the box girder is load rated for A160 loading, based on AS5100.2.26 
The dimension and wheel loads of A160 (10%) are scaled down by a factor of 10 to match the 
carriageway of the box girder. Live load ratios resulted in 1.51 for flexural capacity, and 3.87 for shear 
capacity. This indicates that the box girder has reserved capacity, and so unrestricted travel is allowed 
for A160 (10%) loading. Both optimization algorithms reported the same ξ  value for the Fast Fourier 
and Welch methods. Fast Fourier Transform had better convergence with the Levenberg-Marquardt 
method, while Welch method had better convergence with the trust-region-reflective method. Taken 
together, these results suggest that the SBI method can be practically implemented on short to medium 
span bridge girders under operational conditions for in-service structural assessment and load rating.  
20 
 
4. Concluding Remarks  
This study was set out to assess the feasibility of using the proposed SBI method for structural 
assessment of existing beam-like structures. Numerical and experimental studies were carried out for 
beams with different configurations, boundary conditions, and various sources of excitation. In most 
case studies, stiffness and boundary condition were accurately estimated, and the corresponding 
capacity was evaluated using structural index and live load ratio. For more complex structures such as 
the box girder herein, the accuracy of the results is improved by placing sensors at the locations that are 
more suitable to estimate bending mode such as the top flange. In this case, conducting modal analysis 
with different sensor layouts will be helpful to determine such positions. The key strengths of the SBI 
method are that no initial numerical model and prior information on support condition are required. The 
testing setup of the SBI method is suitable for short to medium span bridges to assist in the decision-
making process for higher order assessment.  
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